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Abstract. Every point p in an orbifold X has a neighborhood that is homeo- 
morphic to G p \B r (0), where G p is a finite group acting on B r (0) C R", so that 
G p (0) — 0. Assume X is a Riemannian orbifold with isolated singularities that 
is collapsing, that is, X admits a sequence of metrics gi with uniformly bounded 
curvature, so that for any x € X, the volume of B\{x), with respect to the metric 
gi, goes to as i — > oo. For such X, we prove that |G P | < (27r/0.47) n (" _1 ) for all 
singularities pel. 



1. Introduction 

An n dimensional Riemannian orbifold, X, is a metric space so that the following 
is true: for any x G X, there exists r = r(x) > and a Riemannian metric g x 
on £>2r(0) C M n , a finite group G x (the isotropy group) acting on (B r (0),g x ) by 
isometries, so that G x (0) = 0, and there is an isometry i x : B r {x) — > G x \B r (0) with 
Lxi?) — 0. See |Thj . We call x G X a regular point if = 1; otherwise, i is a 
singular point. We say the curvature of X satisfies 

(1.1) \K x \<k\ 

if the sectional curvature K of every (B r (0),g x ) above satisfies \K\ < k, 2 . We say X is 
collapsing, if X admits a sequence of metrics, gi, with uniformly bounded curvature, 
so that for any x G X, 

(1.2) lim Vol ft (Si(z)) = 0. 

i— >oo 

As an example, consider the standard Z m = Z/mZ action on the sphere 5* 2 : 



I 



X — Z m \S' 2 



The quotient orbifold X = 1* m \S 2 will be arbitrarily collapsed when m — > oo. How- 
ever, for any fixed m, (i.e. each of the two singularities there is a neighborhood 
that is isometric to Z m \IR 2 , where M 2 is equipped with some Z m invariant metric). 
X = Z m \S 2 can be collapsed only to a certain degree, it does not support a sequence 
of collapsing metrics; in fact, otherwise by pull back we get a sequence of collapsing 
metrics on 5 2 , a contradiction to the Gauss-Bonnet theorem. 
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On the other hand, consider the double of a 2-dimensional rectangle. Clearly it 
admits a flat metric, thus we obtain a sequence of collapsing metrics by rescale. 
Notice, in this example, for each of the four singularities, the isotropy group G x has 
order 2, a quite small number. 

The main result of this paper is 

Theorem 1.3. Assume X is a compact, collapsing orbifold, p 6 X is an isolated 
singularity. Then \G p \< (27r/0.47) n(n - 1) . 

If X has an isolated singularity p, then the dimension of X must be even, and G p C 
SO(n). The bound \G P \ < (27r/0.47) n ^ n_1 ^ has its root in the Bieberbach theorem of 
crystallographic groups and Gromov's almost flat manifold theorem; however, it fails 
when we drop the requirement that x is an isolated singularity. For example, we can 
take any orbifold X' and let X = X x S l ; by shrinking the S 1 factor, we see X is 
collapsing while there is no restriction on singularities of X'. 

Clearly, Theorem 11.31 is a corollary of the following: 

Theorem 1.4. For any L > 0, there is e = e(n, L) so that if X is an orbifold with all 
singularities q G X satisfying \G q \ < L, Vol(i?i(g)) < e, then \G P \ < (27r/0.47) n(n_1) 
for any isolated singularity p e X . 

A nilmanifold, T\N, is the quotient of the (left) action of a discrete, uniform 
subgroup r C N, on a simply connected nilpotent Lie group N. Left invariant 
vector fields (LIVFs) can be defined on T\N. An affine diffeomorphism of T\N is 
a diffeomorphism that maps any local LIVF to some local LIVF. In general, a right 
invariant vector field (RIVF) cannot be defined globally in T\N, unless this vector 
field is in the center of the Lie algebra of N. However, the right invariant vector 
fields, not the left invariant ones, are Killing fields of left invariant metrics on T\N. 
An infranil orbifold is the quotient of a nilmanifold by the action of a finite group H 
of affine diffeomorphisms. If the action H is free, we get an infranil manifold. 

In our previous work, [D] , we generalized the Cheeger-Fukaya-Gromov nilpotent 
Killing structure, [CFG] , and the Cheeger-Gromov F-structure, |CGlj . [CG2] . to 
collapsing orbifolds. In particular, sufficiently collapsed X can be decomposed into 
a union of orbits. Each orbit G p is the orbit of the action of a sheaf n of nilpotent 
Lie algebras, which comes from local RIVFs on a nilmanifold fibration in the frame 
bundle FX. Therefore every <£? p is an infranil orbifold. The proof of Theorem 11.41 is 
based on the relation between singularities on X and singularities within an orbit G p 
in X, as well as the nilmanifold fibration on FX. 

X is called almost flat, if 

(1.5) sup\K x \ 1/2 -DiamX < 5 n , 

here DiamX is the diameter of X, 5 n is a small constant that depends only on n. In 
[Grj . Gromov proved that an almost flat manifold M has a finite, normal covering 
space M = T\N that is a nilmanifold. Subsequently, Ruh, [ R/u] , proved that M is 
diffeomorphic to A\N, where A D T is a discrete subgroup in the affine transformation 
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group of A. In |Gh2j . Ghanaat generalized this to an almost flat orbifold A, under 
the assumption that A is good in the sense of Thurston [Thj . i.e. X is the global 
quotient of a simply connected manifold M. There are examples of orbifolds that are 
not good, see [Thj . In fact, without much effort, one can remove the assumption that 
X is good: 

Theorem 1.6. If X is an almost flat orbifold, then X is an infranil orbifold. 

Precisely, there is a nilmanifold X = T\N, a finite group H acting on X by afftne 
diffeomorphism, so that X is diffeomorphic to H\X . The order of H is bounded 
by c n < (27r/0.47) n(n ~ 1 )/ 2 . Moreover, there is a sequence of metrics gj so that 
Diam(A, gf) — ► 0. 

The proof of Theorem 11.41 does not depend on the above result, so we only give a 
sketch of its proof in the Appendix. On the other hand, this implies Theorem II .41 for 
almost flat orbifolds immediately, even without the assumption that the singularities 
are isolated. 

2. Proof of Theorem 11.41 

If X is an infranil orbifold, then it is easy to obtain the bound in Theorem 11.31 
Since the proof contains some ideas for the general case, we give full details. 

Lemma 2.1. Assume X is an infranil orbifold. Then \G X \ < (27r/0.47) n( - n_1 ^ 2 . 

Proof. Assume X = A\A, where N is a simply connected nilpotent Lie group, A is 
a discrete group of affine diffeomorphisms on N so that X = A\N is compact. If N 
is abelian, then A is a flat orbifold, A is a discrete group of isometries on N = M. n 
that acts properly discontinuously. So the conclusion follows from (the proof of) 
Bieberbach's theorem on crystallographic groups. In fact, it is well known that the 
maximal rotational angle of any A G A is either or at least 1/2. Thus the bound 
comes from a standard packing argument; notice n(n — l)/2 = dim SO(n) and the 
bi- invariant metric on SO(n) has positive curvature. 

We prove the general case by induction on dimension of A. Remember that A 
contains a normal subgroup T of finite index, so that T is a uniform, discrete subgroup 
of N. X the the quotient of the A/T action on the nilmanifold A = T\N. Clearly 
G x embeds in A/T, that is, G x = {A G A/T \ \x = x}; here we choose a point x in 
X = T\N that projects to x G A\N. 

Let C be the center of A, then C is connected, of positive dimension. Since any 
A G A is affine diffeomorphism, A moves a C-coset in A to a C-coset. Therefore 
A/T acts on the nilmanifold X* = (T/(T n C))\(N/C), the quotient A* is an infranil 
orbifold of lower dimension. Let 7r : A — > A* be the projection, assume ir(x) = x*. 
Thus we have a homomorphism 



(2.2) 



h ~. G x — y G x * 
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X is a torus bundle over X*, the fiber is T = (T fl C)\C. Assume A G A/T is in 
Ker h, the kernel of h, then A fixes every T fiber in X. If, in addition, A fixes every 
point in the T fiber passing through x, we claim A must be identity. In fact, on N 
we have X(z) = a ■ A(z), here a G N and A is a Lie group automorphism of N; if A 
fixes every point in one T fiber, then A is identity on the center C <Z N . This implies 
that A is a translation on every T fiber. Since A is of finite order and fixes every point 
in one T-fiber, A must be identity. Therefore any element A G Ker h is decided by 
its restriction on the T fiber passing through x; so Ker h is isomorphic to a finite 
group of affine diffeomorphisms on T that fixes x G T, thus |Ker h\ can be bounded 
by Bieberbach's theorem. Since 

(2.3) \G x \<\G x *\-\Kevh\, 

the conclusion follows by induction. □ 

In [Dj, the existence of nilpotent Killing structure of Cheeger-Fukaya-Gromov, 
[CFG] , is generalized to sufficiently collapsed orbifolds. We briefly review this con- 
struction. 

As in the manifold case, one can define the frame bundle FX of an orbifold X. If 
B r (x) C X is isometric to G x \B r (0), where G x is a finite group acting on B r (0) C W 1 , 
then locally FX is G x \FB(0, r), here FB(0, r) is the orthonormal frame bundle over 
B r (0), and G x acts on FB(0,r) by differential, i.e. r G G x moves a frame u to 
t*u. Therefore FX is a manifold; strictly speaking, FX is not a fiber bundle. Let 
7r : FA A be the projection. 

Moreover, there is a natural SO(n) action on FX; on the frames over regular points, 
this SO(n) action is the same one as in the manifold case; however, at (the frames 
over) singular points, this action is not free. As in the work of Fukaya, [F2j , see also 
[D] . any Gromov-Hausdorff limit Y of a collapsing sequence FXi is a manifold. Follow- 
ing [CFGj . for sufficiently collapsing orbifolds, locally we have an S'0(n)-equivariant 
fibration 

(2.4) Z — > FX -A Y, 

here the fiber Z is a nilmanifold, Y is a smooth manifold with controlled geometry. 

As in |CFG| . we can put a canonical affine structure on the Z fibers, i.e. a canonical 
way to construct a diffeomorphism from a fiber Z to the nilmanifold T\N. In partic- 
ular, there is a sheaf n, of a nilpotent Lie algebra of vector fields on FX. Sections of 
n are local right invariant vector fields on the nilmanifold fibers Z. By integrating n, 
we get a local action of a simply connected nilpotent Lie group, 9t, on FX. Therefore 
we also call a Z fiber an orbit, we can write Z — G . 

The fibration / : FX — > Y is S'0(n)-equivariant, so any Q G SO(n) moves a Z 
fiber to a (perhaps another) Z fiber by affine diffeomorphism. Moreover, the SO(n) 
action on n is locally trivial, that is, if A G so(n) is sufficiently small, then e A G SO{n) 
moves a section, n(£7), of n on any open set U C FX, to itself (over {7 fl Ue A ). See 
[CFGj Proposition 4.3. In particular, the sheaf n induces a sheaf, which we also 
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denote by n, on the orbifold X away from the singular points. An orbit G q = Z on 
X projects down to an orbit G q on X. 

Assume q G FX is any frame over q G X. Let 

(2.5) 7(g) = {Q e SO(n) | Z~ q Q = Z~ q } 

be the the isotropy group of an orbit Z q = & q C FX. We will simply write I(q) by I. 
Let Jo be the identity component of I. It can be shown that restricted on Z = @ q , the 
action of Iq is identical to the action of a torus, and the Lie algebra of this torus, Jo, 
is in the center of n. See |CFGj . and [D] for more details. Consider the nilmanifold 

(2.6) & q = 9 /I o . 

Therefore Z q = tff q is a torus bundle over ff q . Notice, on Z = & q , I moves Iq fibers 
to Iq fibers, thus the orbit q is the quotient of & q by the action of the finite group 
I/Iq. Therefore G q is an infranil orbifold. In particular, the singularities within q 
satisfies the bound in Lemma [2. II 

It is important to remark that the above structure is not trivial: 

Lemma 2.7. Let L be any integer. Then there is e = e(n,L), so that if X is an 
orbifold with \G X \ < L, Vo\(Bi(x)) < e for all x G X , then every n-orbit & on X is 
of positive dimension. 

Proof, (sketch) For any unit vector A G so(n), the bound in \G X \ implies that e tA 
does not have fixed point in & q unless t = or \t\ > cL^ 1 . However, for sufficiently 
collapsed orbifolds, there is a vector B in the center of n so that B generates a closed 
loop in ff q that is shorter than cL _1 , therefore B cannot be in the Lie algebra of Iq, 
which is in both so(n) and the center of n. Thus the orbit @ q is not contained in a 
single SO(n) orbit in FX, so & q is of positive dimension in X = FX/ SO(n). See [D] 
for more details. □ 



Proof of Theorem\1.4\ Assume p G X is an isolated singular point, p G tc x (p) is in 



FX. Zp = Gp is the fiber that projects to & p . Let I(p), Iq, &p be as above. Let 

(2.8) K p = {QeSO(n)\pQ = p}. 
Thus K p is a subgroup of /, and \K p \ = \G P \. Let 

(2.9) K~ = {QeK p \ (p'I )Q = (p'Iq) for all G Z p }. 
Thus K~ is a normal subgroup of K p . 

Lemma 2.10. If Q G K p fixes every point in Zp, then Q is the identity in SO(n). 



Proof. Potentially Q may fix every point in Zp while moving some points of FX that 
are outside Zp. We will rule out this possibility. 

By assumption, p is an isolated singularity. For any Q that is not identity, the 
connected component of the fixed point set of Q that passes through p must project to 
p under 7r : FX — > X, because away from 7r _1 (p) the SO(n) action is free. Therefore 
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Ti(Zp) = p is a single point in X, this contradicts the fact that the n-orbits on X are 
of positive dimension; see Lemma 12.71 □ 

In particular, we have a faithful representation of K p in the affine group of Z p , i.e. 
we can identify K p with the restricted action of the group K p on Zp. 

Take any Q G K~ that is not identity in SO(n). By definition Q fixes p. If Q fixes 
every point in pl , as in Lemma I2.1[ Q is a translation on every I fiber; because Q 
is of finite order and Q moves every J fiber to itself, Q necessarily fixes every point 
in Z; thus Q is identity. So Q rotates the tangent plane of plo at p. Therefore K~ 
is isomorphic to a finite group of affine diffeomorphisms on the torus plo- By the 
Bieberbach theorem, 

(2.11) \K~\ < (2vr/0.47) fc(fc - 1)/2 , k = dim Jo- 
Recall that Bieberbach's theorem implies that all finite subgroups of SL(n, Z) have 
a uniform upper bound in order. 

We have 

(2.12) G p = H\(Z P /I ), 

where H = I / J is a finite group. Let H p be the subgroup of H that fixes p. Now we 
get an embedding 

(2.13) K p /K p C H p . 
By Lemma [2. 1} 

(2.14) |i/ p | < (27r/0.47) i{i - 1)/2 , i = dim G p . 
Thus 

(2.15) |G P | = \K P \ = \K P /K p \ ■ \K~\ < (2tt/0.47)^- 1 ). 

□ 



Appendix: orbifold version of Gromov's theorem 

Assume M is an almost flat manifold. The proof of Gromov's almost flat manifold 
theorem has two natural steps. First, by a delicate calculus of geodesic loops, one gets 
a finite, normal covering M of M; see |Grj . |BK] Chapters 1-3. Next, one uses the 
deformation technique of Ruh |Ruj and Ghanaat |Gh] to show that M is a nilmanifold. 
We follow closely this approach. See also |Roj . 

Rescale X so that DiamX = 1, therefore the curvature of X is bounded by 
Let p G X be a regular point, and v be any unit tangent vector at p. The geodesic 
7 so that 7(0) = p and 7'(0) = v is defined at least on a short interval [0,6). One 
can extend it to be a geodesic 7 : [0, 00) —> X. In fact, the extension exists as long 
as 7(t) is a regular point; if j(t) = x is singular, recall there is a neighborhood U x of 
x, an Euclidean ball V x with metric g so that U x = G X \V X ; we can lift 7|(t_ 6i t] to a 
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geodesic on V x , extend it beyond t on V x and then project to U x C X. Therefore, we 
get a map 

(2.16) exp:M n = T p — > X, 

so that exp(sf) = j(s). This map is called the develop map; see |Thj . |CTj . It plays 
the role of exponential map. Let 

(2.17) p < r max = ir/ 

By standard comparison theorem, exp is nonsingular on B p (0). When x = exp(tv) 
is a singular point this means, there is a neighborhood V of tv G M n so that the 
following local lift exp is nonsingular (it is always smooth): 

(2.18) V V x U x C X, exp \y = pj x o exp. 

In particular, the Riemannian metric g on X pulls back to be a smooth metric g on 
-Bp(O) C W 1 . In the following, we will assume that B p (0) C T p , write T p for simplicity, 
is equipped with the metric g. 

We use the convention that for two loops a, (3 in X, the product a ■ (3 is the loop 
that goes along /3 first, then a. Define 

(2.19) 7T P = { geodesic loops 7 at p G X with length I7I < p}. 

Choose p so that 2Diam(X) < 2 < /5 <C r max . Assume are two loops at p, 
\a\ + \(3\ < r max . Then we can lift a ■ /3 to a piecewise geodesic on T p ; such a path 
is homotopic (rel. end points) to a unique minimal geodesic 7 on T p . Their Gromov 
product, a * (3, is defined to be exp (7). This kind of homotopy on X, which can be 
lifted to T p through exp, is called Gromov homotopy. In general a * (3 is a geodesic 
loop in X; but not the minimal geodesic in the homotopy class of a ■ (3 - examples 
are abundant on simply-connected orbifolds, e.g. the double of a standard square. 

By lifting to (T p , g), we see that a * (3 is homotopic to a ■ (3 via a length decreasing 
homotopy rel. end points. The assumption |a| + \f3\ < r max guarantees that the 
homotopy takes place in a domain of T p on which exp p is nonsingular. This is the 
orbifold version of the short homotopy in |BK] . 

Put the standard affine structure on W 1 = T p . For each loop 7 G ti p at p, we define 
the holonomy motion: 

(2.20) m( 7 ):T p ^T p , v h+ r(j)v + t( 7 ). 

Here r( 7 ) G O(n) is the parallel translation along 7, £(7) = |7| • t'( It I ) - m another 
word, m(7)t> = A(|7|), where A is the solution of the following ODE along 7: 

V T A = T, 
A(0) =v. 

In particular, m(a • (3) = m(a) om(/3). As in jBK ], one can estimate the error caused 
by homotopy and conclude that 

(2.22) m(a * (3) = m(a) o m{(3) with error up to cA 2 p 2 < e n < 1. 

The following result of Gromov, |Grj . is of fundamental importance: 



(2.21) 
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Proposition 2.23. There is a positive constant 9 <C 1, so that if \a\ < p/3 and 
\r(a)\ < 0.48, then 

(2.24) maximum rotational angle of r(a) < 6p~ l \a\. 

In Chapter 3 of [BK], a detailed proof of the above proposition were given in the 
manifold case. All the arguments there (which involves Jacobi field estimates) were 
carried out on the tangent space T p ; therefore the proof in |BK] can be used here, by 
replacing the topological Gromov product in [BK] with the one we defined above. 

Thus the rotation parts of ^(7), with 7 not too long, are concentrated in finitely 
many regions, Si, S2, Sn C 0(n), which are mutually separated by distance at 
least 0.47. We can put these loops into finitely many classes, loops in the same class 
have rotational parts in the same S^. There is a natural group structure on the set 
H of these classes, and H can be embedded into 0(n), with 

(2.25) \H\ < (27r/0.47) dimO(n) . 

Fix an orthonormal frame u at G (T p ,g), parallel translate it along normal 
geodesies, we get an almost parallel frame field u on B p C T p . Let q G X be a 
regular point. Let q~i,q~2 G T p so that exp^) = exp(g 2 ) = q. Then there is an element 
h G H, so that 

(2.26) d(exp,(u(qi))h, exp>(g 2 ))) < e n < 0.47. 

In particular, if {gi,g 2 ,-..} = B p {fS) flexp _1 (g), then the frames exp(u(gj)), i = 1,2,..., 
also concentrated in regions Sf, S^. There is a right action by the discrete group 
H, which permutes these regions, with error up to e„, 0.47. By a standard center 
of mass argument, for each h G H we get a frame C q (h) at q so that 

(2.27) C q (h)ti = C q (hti), for any h! G H. 

Consider the set X' C FX of all frames C q h, denote by X its closure. So DiamX < 
2\H\. Now it is easy to see that X is a smooth manifold, and X = H\X, see [BK] . 
Write 7r : X — > X the projection. Any point q G X can also be viewed as a frame 
v (q) on X. Then tt*v {q)\ q gives a global orthonormal frame field on X. 

Finally, following the deformation technique in Ruh, |Ruj . and Ghanaat |Ghj . we 
see X is a nilmanifold, that concludes the proof of Gromov's theorem. 

Acknowledgements. We are grateful to Prof. Tian for very helpful suggestions. 

References 

[BK] Buser, P and Karcher, Gromov's almost flat manifolds. Asterisque 81, 1981. 

[CGI] Cheeger, J; Gromov, M. Collapsing Riemannian manifolds while keeping their curvature 

bounded. I. J. Differential Geom. 23 (1986), no. 3, 309-346 
[CG2] Cheeger, J; Gromov, M. Collapsing Riemannian manifolds while keeping their curvature 

bounded. II. J. Differential Geom. 32 (1990), no. 1, 269-298 
[CT] Chen, X, Tian, G. Ricci flow on Kahler- Einstein manifolds. Duke Math. J. 131 (2006), no. 1, 

17-73. 



A RESTRICTION FOR SINGULARITIES ON COLLAPSING ORBIFOLDS 



9 



[CFG] Cheeger, J; Fukaya, K; Gromov, M. Nilpotent structures and invariant metrics on collapsed 
manifolds. J. Amer. Math. Soc. 5 (1992), n o. 2, 327-372 

[D] Ding, Y. F-structure on collapsed orbifolds. |http: / / www.csulb.edu/~yding/orbifold.pdf 

[F2] Fukaya, K. A boundary of the set of the Riemannian manifolds with bounded curvatures and 
diameters, J. Diff Geom. 28 (1988). 1-21. 

[Gh] Ghanaat, P. Almost Lie groups of type R n . J. Reine Angew. Math. 401 (1989), 60-81. 

[Gh2] Ghanaat, P. Diskrete Gruppen und die Geometrie der Reprebndel. J. Reine Angew. Math. 492 
(1997), 135-178. 

[Gr] Gromov, M. Almost flat manifolds. J. Diff Geom 13 (1978) 231-241. 

[Ro] Rong, X. Convergence and collapsing theorems in Riemannian geometry, in Handbook of Geo- 
metric Analysis (Vol II), 193-299. International Press, 2010. 
[Ru] Ruh, E. Almost flat manifolds. J. Diff Geom 17 (1982) 1-14. 

[Th] Thurston, W. The geometry and topology of i-manifolds. Princeton University. 1979. 

Department of Mathematics and Statistics, California State University, Long 
Beach, 90840 

E-mail address: yding@csulb.edu 



